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Abstract
This paper deals with the critical curve for a nonlinear boundary value problem of a fast diffusive non-Newtonian system. We
first obtain the critical global existence curve by constructing the self-similar supersolution and subsolution. And then the critical
Fujita curve is conjectured with the aid of some new results.
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1. Introduction and main results
This paper is devoted to the critical curve of the following fast diffusive non-Newtonian equations:
uit =
(|uix |mi−1uix)x (i = 1,2, . . . , k), (x, t) ∈R+ × (0,+∞), (1.1)
coupled via nonlinear boundary flux
−|uix |mi−1uix(0, t) = upii+1(0, t) (i = 1,2, . . . , k), uk+1 := u1, t ∈ (0,+∞), (1.2)
with nontrivial, nonnegative, bounded and appropriately smooth initial data
ui(x,0) = ui0(x) (i = 1,2, . . . , k), x ∈R+, (1.3)
where 0 < mi < 1, pi > 0. Since equations in (1.1) are fast diffusive, the solution of the system (1.1)–(1.3) becomes
instantaneously positive everywhere.
The particular feature of Eqs. (1.1) is their gradient-dependent diffusivity. Such equations appear in different
models in non-Newtonian fluids, certain diffusion or heat transfer process. In the non-Newtonian fluids theory, in par-
ticular, the pair (m1,m2, . . . ,mk) is a characteristic quantity of the medium and then media with (m1,m2, . . . ,mk) <
(1,1, . . . ,1) is called pseudo-plastics.
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of the weak solution (u1, u2, . . . , uk) to the problem (1.1)–(1.3), defined in the usual integral way, as well as a com-
parison principle can be easily established; see, e.g., the survey [8] and the book [17]. Let T be the maximal existence
time of a solution (u1, u2, . . . , uk), which may be finite or infinite. If T < ∞, then ‖u1‖∞ + ‖u2‖∞ + · · · + ‖uk‖∞
becomes unbounded in finite time and we say that the solution blows up. If T = ∞ we say that the solution is global.
Our main concern of this paper is the blow-up phenomenon, a subject that has deserved a great deal of attention in
recent years, see for example the monographs [10,12,14] and the surveys [1,2,4–7,18]. The problem of determining
critical exponents is an interesting one in the general theory of blowing-up solutions to different nonlinear evolution
equations of mathematical physics.
In [9], authors studied the single fast diffusive non-Newtonian equation with nonlinear boundary flux
ut =
(|ux |m−1ux)x, (x, t) ∈R+ × (0,+∞), (1.4)
−|ux |m−1ux(0, t) = up(0, t), t ∈ (0,+∞), (1.5)
u(x,0) = u0(x), x ∈R+, (1.6)
where 0 < m < 1, p > 0, u0 being a nontrivial, nonnegative, bounded and appropriately smooth function. It was
shown that if 0 < p  p0 := 2m1+m , then all positive solutions of (1.4)–(1.6) are global in time, while for p > p0 there
are solutions with finite time blow-up. That is, p0 is the critical global existence exponent. Moreover, it was also
shown that pc := 2m is a critical exponent of Fujita type. Precisely, pc has the following properties: if p0 < p  pc ,
then all positive solutions blow up in a finite time, while global positive solutions exist if p > pc.
There are some works on the blow-up properties for a general semilinear diffusion system coupled through nonlin-
ear boundary conditions
uit = ui (i = 1,2, . . . , k), (x, t) ∈ Ω × (0,+∞),
∂ui
∂x
= upii+1 (i = 1,2, . . . , k), uk+1 := u1, (x, t) ∈ ∂Ω × (0,+∞),
where Ω ∈RN is a bounded domain or Ω =RN+ (see [11,13,15]), or through nonlinear reaction terms
uit = ui + upii+1 (i = 1,2, . . . k), uk+1 := u1, (x, t) ∈ Ω × (0,+∞),
where Ω ∈RN or Ω =RN (see [3,16] and references therein).
Motivated by the above mentioned works, the aim of this paper is to establish the critical curves of the system
(1.1)–(1.3). Now, we introduce some useful symbols to state our results. Let α := (α1, α2, . . . , αk)T be the solution of
the following linear algebraic system:
Aα :=
⎛
⎜⎜⎜⎜⎜⎜⎝
2 − 1+m1
m1
p1 0 · · · 0 0
0 2 − 1+m2
m2
p2 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 2 − 1+mk−1
mk−1 pk−1
− 1+mk
mk
pk 0 0 · · · 0 2
⎞
⎟⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎝
α1
α2
...
αk−1
αk
⎞
⎟⎟⎟⎟⎠= −
⎛
⎜⎜⎜⎜⎝
1
1
...
1
1
⎞
⎟⎟⎟⎟⎠ .
A series of standard computations yield detA = 2k − ∏ki=1 1+mimi pi . We shall see that detA = 0 is the critical
global existence curve. A direct computation also shows that αi > 0 (i = 1,2, . . . , k) if and only if detA < 0. We
further define βi = (1−mi)αi+11+mi (i = 1,2, . . . , k) and αk+1 = α1, then have
αi + 1 = miαi + (1 + mi)βi, mi(αi + βi) = piαi+1 (i = 1,2, . . . , k). (1.7)
Now we state the main results of this paper.
Theorem 1.1.
(i) If ∏ki=1 1+mimi pi  2k (i.e. detA 0), then every positive solution of the system (1.1)–(1.3) is global in time.
(ii) If ∏k 1+mi pi > 2k (i.e. detA< 0), then the system (1.1) has a solution that blows up.i=1 mi
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∏k
i=1
1+mi
mi
pi > 2k (i.e. detA< 0).
(i) If mini{βi − αi} > 0, then there exists a global solution to the system (1.1)–(1.3);
(ii) If maxi{βi − αi} < 0, then every positive solution of the system (1.1)–(1.3) blows up in finite time.
Remark 1.1. Theorem 1.1 shows that the critical global existence curve of the system (1.1)–(1.3) is∏ki=1 1+mimi pi = 2k(i.e. detA = 0). From Theorem 1.2, we conjecture that the critical Fujita curve is given by mini{βi − αi} = 0.
Finally, we give a brief line of the rest of this paper. In Section 2, we consider the critical global existence curve
and prove Theorem 1.1. The proof of Theorem 1.2 is the subject of Section 3.
2. Critical global existence curve
In this section, we characterize when all solutions to the problem (1.1)–(1.3) are global in time or blow up. Our
methods are based on the construction of self-similar solutions and on the comparison arguments.
Proof of Theorem 1.1(i). In order to prove that the solution (u1, u2, . . . , uk) of (1.1)–(1.3) is global, we look for a
globally defined in time supersolution of the self-similar form
ui(x, t) = eL2i−1t
(
K + e−MixeJ2i t ) (i = 1,2, . . . , k),
where L2i−1 > 0 (i = 1,2, . . . , k) are to be determined and K > maxi{‖ui0‖∞, 1−mi(1+mi)e }, Mi = (K + 1)
pi
mi , J2i =
1−mi
1+mi L2i−1.
It is easy to see that ui(x,0)  ui0(x) (i = 1,2, . . . , k) for x ∈ R+. Since −ye−y  −e−1 for y > 0, a direct
calculation in R+ × (0,+∞) shows
uit = L2i−1eL2i−1t
(
K + e−MixeJ2i t )− J2iMixeJ2i t e−MixeJ2i t eL2i−1t
 L2i−1eL2i−1t
(
K + e−MixeJ2i t )− J2ie−1eL2i−1t
 L2i−1
(
K − 1 − mi
(1 + mi)e
)
eL2i−1t
and
uix = −Mie(L2i−1+J2i )t e−MixeJ2i t ,(|uix |mi−1uix)x = miMmi+1i emi(L2i−1+J2i )t+J2i t e−miMixeJ2i t miMmi+1i eL2i−1t .
Therefore, we have uit  (|uix |mi−1uix)x in R+ × (0,+∞) provided that
L2i−1
(
K − 1 − mi
(1 + mi)e
)
miMmi+1i (i = 1,2, . . . , k). (2.1)
On the other hand, we have on the boundary that
−|uix |mi−1uix(0, t) = Mmii emi(L2i−1+J2i )t = Mmii e
2mi
1+mi L2i−1t (i = 1,2, . . . , k),
u
pi
i+1(0, t) = epiL2i+1t (K + 1)pi (i = 1,2, . . . , k),
where uk+1 := u1, L2k+1 := L1. Then we have
−|uix |mi−1uix(0, t) upii+1(0, t) (i = 1,2, . . . , k),
if we impose
2mi
L2i−1  piL2i+1 (i = 1,2, . . . , k). (2.2)1 + mi
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L2i+1 = 2mi
(1 + mi)pi L2i−1 (i = 1,2, . . . , k − 1).
In the case of i = k, we must confirm
L1 = L2k+1  2mk
(1 + mk)pk L2k−1 = L1
k∏
i=1
2mi
(1 + mi)pi .
Clearly, this is true under the assumption
∏k
i=1
1+mi
mi
pi  2k . Finally, we can further choose L2i−1 large enough such
that inequalities (2.1) hold. Therefore, we have proved that (u1, u2, . . . , uk) is a global supersolution of the system
(1.1)–(1.3). The global existence of solutions to the problem (1.1)–(1.3) follows from the comparison principle. 
Proof of Theorem 1.1(ii). To prove the non-existence of global solutions, we construct a blow-up self-similar subso-
lution of the system (1.1)–(1.3). Consider the functions
ui(x, t) = (T − t)−αi φi(ξi), ξi = x(T − t)−βi (i = 1,2, . . . , k). (2.3)
A simple computation shows
uit (x, t) = (T − t)−(αi+1)
(
αiφi(ξi) + βiξiφ′i (ξi)
)
,
|uix |mi−1uix = (T − t)−mi(αi+βi)
∣∣φ′i∣∣mi−1φ′i (ξi),(|uix |mi−1uix)x = (T − t)−miαi−(mi+1)βi (
∣∣φ′i∣∣mi−1φ′i)′(ξi).
It will be obtained from the above equalities and (1.7) that
uit (x, t)
(|uix |mi−1uix)x (i = 1,2, . . . , k) in R+ × (0,+∞),
−|uix |mi−1uix(0, t) upii+1(0, t) (i = 1,2, . . . , k), uk+1 := u1 for t > 0,
if φi (i = 1,2, . . . , k) satisfy
αiφi(ξi) + βiξiφ′i (ξi)
(∣∣φ′i∣∣mi−1φ′i)′(ξi), (2.4)
−∣∣φ′i∣∣mi−1φ′i (0) φpii+1(0) (i = 1,2, . . . , k), φk+1 := φ1. (2.5)
Set
φi(ξi) = (Ai + Biξi)−
1+mi
1−mi (i = 1,2, . . . , k), (2.6)
where Ai , Bi are positive constants to be determined. It is easy to see that
φ′i (ξi) = −
Bi(1 + mi)
1 − mi (Ai + Biξi)
−(1+ 1+mi1−mi ),
∣∣φ′i∣∣mi−1φ′i (ξi) = −
(
Bi(1 + mi)
1 − mi
)mi
(Ai + Biξi)−
2mi
1−mi ,
(∣∣φ′i∣∣mi−1φ′i)′(ξi) = 2miBi1 − mi
(
Bi(1 + mi)
1 − mi
)mi
(Ai + Biξi)−
1+mi
1−mi .
By taking Bi to satisfy
B
mi+1
i 
(1 − mi)1+miαi
2mi(1 + mi)mi (i = 1,2, . . . , k), mk+1 := m1,
we check that (2.4) is true and see that (2.5) holds provided that Ai (i = 1,2, . . . , k) satisfy
(
Bi(1 + mi))mi
A
− 2mi1−mi
i A
− 1+mi+11−mi+1 pi
i+1 (i = 1,2, . . . , k), Ak+1 := A1, mk+1 := m1. (2.7)1 − mi
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1+mi+1
1−mi+1 pi
i+1 
A
2mi
1−mi
i , where hi (i = 1,2, . . . , k) are fixed positive constants. To this purpose, we choose
Ai+1 = h
− 1−mi+1
(1+mi+1)pi
i A
2mi (1−mi+1)
(1−mi )(1+mi+1)pi
i for i = 1,2, . . . , k − 1,
and then ensure that for the case i = k,
A1 = Ak+1  h
− 1−mk+1
(1+mk+1)pk
k A
2mk(1−mk+1)
(1−mk)(1+mk+1)pk
k = h0A
∏k
i=1
2mi
(1+mi )pi
1 (2.8)
for some constant h0 which is independent of Ai . Clearly the inequality (2.8) is true under the assumption∏k
i=1
1+mi
mi
pi > 2k and A1 small enough. Thus the condition
∏k
i=1
1+mi
mi
pi > 2k ensures that we can take Ai small
enough such that inequalities (2.7) hold.
Thus (u1, u2, . . . , uk) given by (2.3) and (2.6) is a subsolution of the problem (1.1)–(1.3) with appropriately large
initial data (u10, u20, . . . , uk0). It follows from the comparison principle that the system (1.1)–(1.3) exists a solution
blowing up in a finite time. 
3. Critical Fujita curve
In this section, we begin with the space decay behavior of the solution to the system (1.1)–(1.3), which plays an
important role in the proof of Theorem 1.2(ii).
Lemma 3.1. The positive solution (u1, u2, . . . , uk) of the problem (1.1)–(1.3) has, for each t ∈ (0, T ),
lim
x→+∞ infx
1+mi
1−mi ui(x, t)
(
C−mimi t
) 1
1−mi (i = 1,2, . . . , k), (3.1)
where T is the maximal existence time for the solution, which may be finite or infinite, and
Cmi =
1 − mi
1 + mi (2mi)
− 1
mi (i = 1,2, . . . , k). (3.2)
Proof. A similar proof can be found in [9], we arrange the proof here for the convenience of the reader. We only prove
(3.1) for the case of i = 1, and the others can be get in a similar way. The idea is to show that the positive solution u1
is, for x large, bigger than the similarity solution
Uλ(t, x) = λ
1+m1
1−m1 U1(t, λx),
where
U1(t, x) = t−
1
2m1
(
1 + Cm1x
1+m1
m1 t
− 1+m1
2m21
)− m11−m1 .
Let 0 < τ < T∗ < T and S = [τ, T∗]×(1,+∞). Since the positive solution u1(x, t) is continuous in (0, T∗]×[0,+∞),
there exists δ = δ(τ, T∗) > 0 such that
δ = minu1(x, t), τ  t  T∗, 0 x  1. (3.3)
We now select λ > 0 such that
Uλ(t − τ, x) δ, τ  t  T∗, x  12 . (3.4)
To this aim, according to the definition of Uλ(t, x) we need
λ
1+m1
1−m1 (t − τ)− 12m1 (1 + Cm λ 1+m1m1 x 1+m1m1 (t − τ)−
1+m1
2m21
)− m11−m1  δ (3.5)1
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δ
m1−1
m1  λ−
1+m1
m1 (t − τ)
1−m1
2m21 + Cm1x
1+m1
m1 (t − τ)− 1m1
for τ  t  T∗ and x  12 , which is implied by
δ
m1−1
m1  λ−
1+m1
m1 (t − τ)
1−m1
2m21 + Cm1
(
1
2
) 1+m1
m1
(t − τ)− 1m1 . (3.6)
The right-hand side of (3.6) is bounded below by λ−2c, where c = c(m1) > 0. Thus (3.6) is satisfied if we choose λ
such that λ cδ
1−m1
2m1
. Noting (Uλ)t = (|(Uλ)x |m1−1(Uλ)x)x in S and Uλ(t − τ, x) = 0 for t = τ, x  1, by (3.3), (3.4)
and the comparison principle we have
Uλ(t − τ, x) u1(x, t), τ  t  T∗, x  1.
Hence
lim
x→+∞ infx
1+m1
1−m1 u1(x, t) lim
x→+∞ infx
1+m1
1−m1 Uλ(t − τ, x) =
[
C−m1m1 (t − τ)
] 1
1−m1 . (3.7)
Since the right-hand side of (3.7) does not depend on λ, the estimate (3.1) holds by letting τ tend to 0 and T∗ tend
to T . 
Now we turn our attention to the results of Fujita type. That is, we shall show when all solutions of the system
(1.1)–(1.3) blow up in a finite time or both global and non-global solutions exist.
Proof of Theorem 1.2(i). We investigate the auxiliary functions
ui(x, t) = (t + τ)−αi f (ξi), ξi = x(t + τ)−βi (i = 1,2, . . . , k), (3.8)
where τ > 0 is a positive constant. A direct computation yields
uit = (t + τ)−(αi+1)
(−αifi(ξi) − βiξif ′i (ξi)),
|uix |mi−1uix = (t + τ)−mi(αi+βi)
∣∣f ′i ∣∣mi−1f ′i (ξi),(|uix |mi−1uix)x = (t + τ)−miαi−(1+mi)βi (
∣∣f ′i ∣∣mi−1f ′i )′(ξi).
It will be obtained from the above equalities and (1.7) that
uit (x, t)
(|uix |mi−1uix)x (i = 1,2, . . . , k) in R+ × (0,+∞),
−|uix |mi−1uix(0, t) upii+1(0, t) (i = 1,2, . . . , k), uk+1 := u1 for t > 0,
if the functions fi(ξ) (i = 1,2, . . . , k) satisfy(∣∣f ′i ∣∣mi−1f ′i )′ξi + βiξif ′i (ξ) + αifi(ξi) 0, (3.9)
−∣∣f ′i ∣∣mi−1f ′i (0) f pii+1(0) (i = 1,2, . . . , k), fk+1 := f1. (3.10)
Take
fi(ξi) = Li
(
aid
1+mi
mi
i + Cmi (ξi + di)
1+mi
mi
)− mi1−mi (i = 1,2, . . . , k), (3.11)
where Cmi (i = 1,2, . . . , k) are given in (3.2) and ai , di > 0 are constants to be determined.
After a computation, we have
f ′i (ξi) = −
1 + mi
1 − mi LiCmi
(
aid
1+mi
mi
i + Cmi (ξi + di)
1+mi
mi
)−(1+ mi1−mi )(ξi + di) 1mi ,
∣∣f ′i ∣∣mi−1f ′i (ξi) = −
(
1 + mi )mi
L
mi
i C
mi
mi
(
aid
1+mi
mi
i + Cmi (ξi + di)
1+mi
mi
)− mi1−mi (ξi + di),1 − mi
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(
1 + mi
1 − mi
)mi
L
mi
i C
mi
mi
(
aid
1+mi
mi
i + Cmi (ξi + di)
1+mi
mi
)− mi1−mi
+
(
1 + mi
1 − mi
)1+mi
L
mi
i C
1+mi
mi
(
aid
1+mi
mi
i + Cmi (ξi + di)
1+mi
mi
)−(1+ mi1−mi )(ξi + di) 1+mimi .
Recalling that mini{βi − αi} > 0, we choose Li to satisfy αi < L
mi−1
i
2mi < βi (i = 1,2, . . . , k) and define
σi =
(
L
mi−1
i
2mi
− αi
)(
1 − mi
1 + mi
)1+mi
L
1−mi
i C
−(1+mi)
mi
(i = 1,2, . . . , k).
By taking ai  1
C
1
mi
mi
σ
1+mi
mi
i
(i = 1,2, . . . , k), for every ξi  0, we have
di(ξi + di)
1
mi
aid
1+mi
mi
i + Cmi (ξi + di)
1+mi
mi
 σi (i = 1,2, . . . , k).
Thus, with this choice of Li, ai , we check that the inequalities (3.9) are valid. Finally, define
Ai =
(
1 + mi
1 − mi
)mi
L
mi
i C
mi
mi
(ai + Cmi )−
mi
1−mi (i = 1,2, . . . , k),
Lk+1 = L1, ak+1 = a1, Cmk+1 = Cm1, mk+1 = m1,
Bi = Lpii+1(ai+1 + Cmi+1)
− mi+11−mi+1 pi (i = 1,2, . . . , k).
And noting
∏k
i=1
1+mi
mi
pi > 2k , we choose di large enough such that
Aid
− 2mi1−mi
i  Bid
− 1+mi+11−mi+1 pi
i+1 (i = 1,2, . . . , k), dk+1 := d1, mk+1 := m1,
which implies that the inequalities (3.10) hold. Thus, for the case mini{βi − αi} > 0, we have constructed a class of
global self-similar supersolutions defined by (3.8) and (3.11). Owing to the comparison principle, the solution of the
problem (1.1)–(1.3) is global if the initial datum (u10, u20, . . . , uk0) is small enough. 
Proof of Theorem 1.2(ii). Without loss of generality, we first assume that ui (i = 1,2, . . . , k) are nonin-
creasing in x, for if not we consider the (nonincreasing) solution (w1,w2, . . . ,wk) corresponding to the initial
value (w10,w20, . . . ,wk0), wi0(x) = inf
{
ui0(y),0  y  x
} (i = 1,2, . . . , k), which are nonincreasing in x. If
(w1,w2, . . . ,wk) blows up in finite time, so does (u1, u2, . . . , uk). For every  > 0 and t0 > 0 fixed, by Lemma 3.1,
there exists a constant M > 0 large enough such that
ui(x, t0)
(
(Cmi + )x
1+mi
mi
t
1
mi
0
)− mi1−mi
(i = 1,2, . . . , k) for x M,
ui(x, t0) ui(M, t0) (i = 1,2, . . . , k) for 0 x M.
Now we construct the following well-known self-similar solution (the so-called Zeldovich–Kompaneetz–Barenblatt
profile [8]) to (1.1)–(1.3) in the form:
uiB = t−
1
2mi gi(ξi), ξi = x
t
1
2mi
(i = 1,2, . . . , k),
gi(ξi) =
(
a
1+mi
mi
i + Cmi ξ
1+mi
mi
i
)− mi1−mi (i = 1,2, . . . , k), (3.12)
where Cmi (i = 1,2, . . . , k) are given in (3.2) and ai > 0 (i = 1,2, . . . , k) are arbitrary constants.
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(∣∣g′i∣∣mi−1g′i)′(ξi) + 12mi
(
ξig
′
i (ξi) + gi(ξi)
)= 0, g′i (0) = 0 (i = 1,2, . . . , k).
It follows from g′i (0) = 0 that the Barenblatt solutions uiB(x, t) (i = 1,2, . . . , k) satisfy (uiB)x(0, t) = 0 on the
boundary.
Then we choose 0 < τ < t0 and ai > 0 such that ui(x, t0)  uiB(x, τ ) (i = 1,2, . . . , k). Since (uiB)x(0, τ ) = 0,
the comparison principle implies that ui(x, t + t0) uiB(x, t + τ) (i = 1,2, . . . , k) for every t > 0. The final step is
to select t∗ > 0 such that
uiB(x, t∗ + τ) ui(x,0) (i = 1,2, . . . , k), (3.13)
where ui (i = 1,2, . . . , k) are given by (2.3) and (2.6). A simple calculation shows that (3.13) is valid provided
(t∗ + τ)−
1
2mi  T −αi (i = 1,2, . . . , k), (3.14)
(t∗ + τ)
1
2mi  T βi (i = 1,2, . . . , k). (3.15)
Recalling that maxi{βi − αi} < 0, there exist t∗ > 0 and T large enough that (3.14) and (3.15) are both valid. Thus
ui(x, t∗ + t0) uiB(x, t∗ + τ) ui(x,0) (i = 1,2, . . . , k), x ∈R+,
which with the comparison principle implies that (u1, u2, . . . , uk) blows up in finite time. 
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